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Pythagorean Theorem on the Earth:  Assume that we have a right-angled spherical triangular plot of land (a curved triangle formed by three shortest distance paths on the surface of the sphere that also contains a 90 degree angle) on the surface of a spherical globe that happens to measure 300 and 400 units on its short sides. Is the measurement of the long side from Greenland to Zimbabwe greater than, less than or equal to 500 units (ie is the Pythagorean Theorem true on the sphere)? Why?

Solution:  Open up Brad Findel's Elliptic/Spherical Toolkit for Sketchpad.  

From the Toolbar, choose Elliptic Line, and then click to create the disk center, radius, and the segment of a great circle.  From the Toolbar, choose Elliptic Perpendicular through point off line and choose the endpoints of your great circle segment and a point off the "line" to create the perpendicular.  From the Toolbar, choose Elliptic Segment and then create a spherical right triangle.  Hide everything else.  Choose Elliptic Angle from the Toolbar  and measure the right angle to verify that it is 90 degrees.  Choose Elliptic Distance from the Toolbar in order to measure the lengths of the sides.  Under Measure choose Calculate and compare the square of the hypotenuse measurement to the sum of the bases squared.  A string argument on a globe complements the Sketchpad work.  Exploration of the Pythagorean Theorem in Hyperbolic Geometry using Sketchpad's built in hyperbolic tools is similar.

Pythagorean Theorem in Taxicab Geometry: Look at the triangles whose vertices are A=(-3,9), B=(12,4) and C=(0,0) and A=(0,0), B=(4,3) and C=(4,0). Notice that these are right triangles. Compare the square of the  hypotenuse to the sum of the bases squared in each triangle.  Does the Pythagorean theorem hold?

Solution:  Create a Taxicab script for Sketchpad to Measure Taxicab Distances:

Open up Sketchpad and use the point tool to create two points. 

Select the point on the left and under Transform, release on Translate. Change the angle to 0 degrees. You will see that the translation is in the horizontal direction 1 cm and that this translated point is closer to the second point. 

Construct a line passing through the point and its translate by selecting both points and releasing on Line under Construct 

Construct the perpendicular to this line through the other point. 

Select both lines and release on Intersection under Construct. 

Using Display/Hide, hide the lines and the translated point. You now have 3 points remaining (which form a right triangle). 

Using the ruler tool, construct the horizontal part of the triangle. 

Under Display, Scroll down to Color and release on Aqua. 

Using the ruler tool, construct the vertical part of the triangle. 

Under Display, Scroll down to Color and release on Orange. 

Using Measure/Length, display the horizontal and vertical distance. 

Under Measure, release on Calculate, and compute the sum of these distances (ie the taxicab distance). 

Hide the horizontal and vertical distances. You now have 3 points, the aqua horizontal line, the orange vertical line, and the taxicab distance. 

Use the arrowhead tool in order to select these. 

Use the Script tool to Create New Tool and check the Show Script View box. 

You have just created a script that will measure the taxicab distance between two points. 

Next, under Graph release Define Coordinate System.  Under Graph use Plot Points in order to create the vertices of the first triangle.  Use the taxicab script to measure the lengths of the sides. Under Measure choose Calculate and compare the square of the hypotenuse measurement to the sum of the bases squared.  Repeat for the second triangle and compare.

Geometry of the Universe: Astronomers have noticed a cosmic microwave background radiation coming to the earth from all directions of space.  There are slight variations which may enable us to determine the geometry of space, although none of the observations so far have been accurate enough to make a definite determination.  Recent probes such as WMAP and a planned 2007 launch of the Planck satellite hope to do so.  While there seem to be some irregularities in the WMAP data there is hope that the Planck data will lead us to an answer.
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