It’s One Thing To Construct, And Another Thing To Explain: 

Building A Tangent To A Circle From An External Point

Jeff Barrett, Illinois State University
I began working with students on notions of the circle as a locus of points early in the semester, hoping to develop their sense of geometric ideas as an organization of objects given meaning through the Euclidean metrics of geometry. This set of sketches was presented as a concluding lesson for a month-long sequence of lessons involving various tasks with tangents for circles from within and without the circle (see King, 1996, chapter 2). This presentation centers on a collection of sketches I used with pre-service teachers in the Spring Semester of 2004. We examined several ideas about the importance of circles, including those relevant properties of some objects related to circles (cf. King, 1996). This presentation addresses work on a construction for a tangent to a circle through a point external to the circle. 

In retrospect, it was important for our studies as a class to move toward explaining what the students had already mastered as techniques. This was something the students could perform with sketchpad quite easily, but it was still something of a mystery as a phenomenon: why is it that the circle formed with center midway between a given circle center and an arbitrary external point intersects that first circle at points of its tangency that include the external point? For my students, and perhaps for other undergraduates, it was challenging to explain why the construction worked. 

Sketchpad (version 4) allows the construction of a sequence of related sketches all in one file, providing a natural “notebook” of gradually developed, but linked ideas in visual presentation. Thus, I chose to use sketchpad as a journal of my own exploration of the idea, leaving a trace for students to follow my own efforts to justify the construction. This can be helpful if students have grappled sufficiently to want to hear a long story like this! In this case, I required students to learn to tell such a story, or their own version of it. 

Suggestions for Classroom Use:

I use this as a way of introducing proof to general education, pre-service teachers. Such students at Illinois State University are often unfamiliar with explanation as a critical purpose for mathematical proofs. Rather, they see proof merely as a logical exercise, meant for justification alone. This sequence of sketches is risky, in that it is an attempt to teach about proof by showing someone’s particular way of explaining, instead of having the student compose a proof directly. But it is intended as a sample essay for a student of composition. It has worked well with students who have worked on this project already.

In preparation for thinking about proof with sketchpad, I introduce the following principles to students over several class meetings. Each of the seven principles requires some discussion with students, including illustrations while they work on a sketch or two directly:
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Critical Opportunities for teaching mathematical reasoning with Sketchpad®:

1. What elements of this sketch are varying, and which are invariant?

2. What structure is salient? What is relevant and critical within the structure of this dynamic sketch?

3. Among those elements that are variant, which are independent? Which are dependent? Describe the system of relationships in a hierarchy if possible.

4. Can this sketch be specified more closely, or conversely, can it be less specific, allowing us to generalize?

5. How can we explain what is happening in this sketch? Can we draw some conclusions based on this sketch? Can we make some inferences? Deductions? 

6. Can motion in this sketch (model) help us understand a sequence of cases, or a set of extreme cases?

7. How does this sketch engage actual phenomena in our experiential world? Is it a faithful, tractable, focused model of a situation? Can we learn about our own world of experience by changing and observing outcomes within our model?

Here is a summary of the principles:

Dynamic Geometry Visualization enables: the interactive and continuous manipulation of geometric shapes and constructions; the rapid expression of mathematical relationships and the tangible experience of their mathematical consequences; and the interactive and continuous manipulation of mathematical objects (Rasmussen, Sinclair, and Jackiw, 2005). These authors suggest students need to examine  the “behavior” of mathematics; it is a way of seeing and explaining mathematical  objects and their interactive relations. 
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